Abstruct-We present here a simple matrix method for obtaining propagation characteristics, including losses for various modes of an arbitrarily graded planar waveguide structure which may have media of complex refractive indices. Weshow the applicability of the method for obtaining leakage losses and absorption losses, as well as for calculating beat length in directional couplers. The method involves straightforward 2X2 matrix multiplications, and does not require the solutions of any transcendental or differential equations.
I. INTRODUCTION
I N RECENT years there has been considerable interest in developing accurate numericaU approximate techniques to study the propagation characteristics of absorbing/ nonabsorbing/leaky planar waveguide structures ([11- [7] ). Existing methods become quite cumbersome when applied to absorbing or inhomogeneous structures.
The use of the matrix method in studying the propagation of plane electromagnetic waves through a stratified medium is well known in optics [8] , [9] . Since a planar waveguide is nothing more than a stack of thin films, the standard mathematical methods used in the analysis of optical coatings, such as interference filters, can be extended to include optical waveguides. Recently, Chilwell and Hodgkinson [101 and Walpita [111 have employed the matrix method to determine the propagation characteristics of planar waveguides. In essence, both the methods [lo] , [l11 involve determination of the transfer matrix of the system and then using the properties of a guided mode to obtain a characteristic equation. The solutions of this transcendental equation give the propagation constants of the modes of the waveguide. In general, the above methods [101, [l11 become tedious as the number of films increases and, in particular, become complicated for analyzing absorbing/lossy structures as they involve the solution of complex transcendental equations.
We present here a simple method involving multiplication of 2 X 2 matrices from which we can readily obtain the real and imaginary parts of the propagation constants as well as the field configurations for arbitrarily graded planar structures. We have applied the method to obtain leakage and absorption losses in planar waveguide strucManuscript received February 10, 1986; revised July 1, 1986. This work was partially supported by the Department of Electronics, Government of India.
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tures as well as in obtaining the beat length and field configurations in directional couplers. The method is fast and simple to use with a comp.uter, and does not involve any iteration.
THE MATRIX METHOD
We first consider a layered structure as shown in Fig.  1 . For a plane wave incident at an angle O1 as shown in Fig. 1 , the electric field in each medium may be written in the form
(1) where A; -A 2 = 0, A 3 = k^d? cos 9$
k n . = is an invariant of the system; 2; and 2; represent the unit vectors along the direction of the electric field, and E: and El: represent the electric field amplitudes of waves propagating in the downward and upward directions (see Fig. l 
Obviously, for a wave incident from the first medium, there would be no upward propagating wave in the last medium, and thus for the structure shown ,in Fig. 1 , E; = 0. Using this condition, and using (5) and (6) one can readily calculate the fields in terms of E:. In order to use the above matrix method in determining the propagation characteristics of planar waveguides, the second, third, and fourth media (in Fig. 1 ) may correspond to the superstrate, the waveguiding film, and the substrate, respectively. If one now evaluates the excitation efficiency of the wave in the film (Le., Q(6) = [E:/E:I 2 or IE;/E:1 2 ) as a function of 6, then one would obtain resonance peaks 1 121 which are Lorentzian in shape; the value of 0 at which the peaks appear gives the real part of the propagation constant and the full width at half maximum (FWHM) represents the power attenuation coefficient which is just twice the imaginary part of the propagation constant (see (A 14) and (A 17) of Appendix A). Once the propagation constant has been determined, the fields throughout the system can be calculated by using the appropriate matrices at the interfaces.
In the following three sections, we apply the above method to study the propagation characteristics of a planar leaky structure, an inhomogeneous planar waveguide, a directional coupler, and an absorbing structure. We shall find that the method involves only straightforward multiplication of 2 X 2 matrices, and one does not have to carry out any iteration to determine the real and imaginary parts of the propagation constant, and that accuracies better than one part in a million can readily be obtained.
Ill, APPLICATIONS

A. A Planar Leaky Structure
Leaky waveguide structures in which a high index medium is placed close to the waveguiding region are finding applications in the fabrication of integrated optic polarizers, cutoff filters, etc. In order to show the applicability of the proposed method for analyzing such structures, we consider a structure for which the refractive index distribution is given by (see Fig. 2 (a))
At x = d 2 + d 3 , we assume a metallic surface which makes the field vanish there. For such a structure there exists no guided mode, and all values of 6' < k2n2 are allowed; these form the radiation modes of the system. However, if we consider the structure for which the refractive index in the region x < 0 is also n 2 (as shown in Fig. 2(b) ), then we would obtain a finite number of guided modes with discrete values of P. Corresponding to these values of P, the radiation modes of the structure shown in Fig. 2 (a) were termed in [13] as quasi-modes or resonant modes.
In Appendix A we briefly discuss the radiation modes of the structure shown in Fig. 2(a) . For a plane-wave incident at an angle B 1 , the ratio 1E: /E:l 2 is given by
In Appendix A we also show that 2 T represents the attenuation coefficient of the leaky mode. Thus a plot of E: /E[ l 2 as a function of 6(= k l sin 0,) should result in a Lorentzian peaked at £ = =klPi s i n having an FWHM of 2r. In Fig. 3 we have plotted the variation of /Ef\ 2 as a function of /3 for two different values of , and
In making the plot we have assumed \ -1 pm although the entire analysis can be put in terms of dimensionless quantities like kod3, P/k o , a/k,, y /ko, etc. By fitting a Lorentzian function to each of the peaks we can easily obtain the values of 6 : and I?. A comparison of the values so obtained with the ones obtained using (A 15) for the first mode of this structure is given in Table I . The slight discrepancy at small values of d 2 is due to the fact that one starts obtaining deviations from a true Lorentzian.
The above analysis suggests that in order to obtain the complex propagation constants of any planar structure (for example, as shown in Fig. 4(a) , which may be absorbing or nonabsorbing) we may carry out the following procedure:
Step I: We first introduce a region, whose refractive index is equal to or greater than the maximum refractive index of the guiding region, above the planar guide as shown in Fig.  4 
(b).
Step 2: We next consider the incidence of a plane wave on this structure at different angles of incidence and calculate the ratio 1E&,/ E: l 2 as a function of f l = k, sin 8,.
Step 3: Each peak is fitted to a Lorentzian which gives the real and imaginary parts of the propagation constant.
If the value of d 2 is increased, then for an absorbing structure p, and pi ( = I?) would converge to particular values giving the complex propagation constant 0 = 6,. -iPi of the guiding structure. In our calculations we have found that the limiting values are obtained to about one part in lo 4 when yd 2 -4. On the other hand, for a lossless guide the value of r would tend to zero.
We should point out that the field distribution in various media obtained at the resonance /3 value would correspond to the modal field pattern in the region n > 0.
Using the result shown in Fig. 3 one can readily estimate the excitation efficiency for a prism-film coupler arrangement [121.
In the above example, the film is bounded on one side by a perfect conductor so that the field vanishes at the film-conductor interface. The method can be easily extended to asymmetric waveguiding structures in which, region 4 (in Fig. 1 ) is also a dielectric (substrate). For such a case the reflected field E4 = 0, and one can determine the excitation efficiency in the film (region 3) and obtain the propagation constant. To verify this we have calculated the propagation constants of the TE and TM modes in an asymmetric waveguide formed by a GaAs film on an AlGaAs substrate [14] , and have found that the numerical results are identical to those obtained by solving the corresponding eigenvalue equations.
As mentioned earlier, an arbitrarily graded refractive index variation can be represented by a large number of steps. However, if there are more than one nonidentical guiding regions (like in a directional coupler consisting of two nonidentical waveguides) then we must calculate the quantity \EtlE\f withj correspondirig to a layer in each guiding region.
B. Inhomogeneous Waveguide
Since the above method can be applied to any waveguiding structure consisting of an arbitrary number of homogeneous layers, waveguides with inhomogeneous refractive index profile can also be analyzed by dividing the refractive index profile into a suitable number of homogeneous layers of equalhnequal thicknesses. As an example, we consider a waveguide with an exponential refractive index profile represented by n 2 {x) cated the profile atx = 4.0 pm, beyond which we assume n(x) = n,. We have verified that the value of b does not show any significant variation by increasing the point of truncation beyond 4.0 pm. It may be mentioned, however, that the point at which the profile can be truncated without introducing much error, would depend on the V value.
TABLE I1 COMPARISON OF THE CALCULATED VALUES or TIEF. NORMALIZED PROPAGATION CONSTANT b OF THE EXPONENTIAL PROFILE GIVEN BY (12) FOR DIFFERENT NUMBER OF LAYERS WITH THE EXACT NUMERICAL VALUE
It can be seen from Table I1 that with just 25 layers, the value of b is accurate to within 0.2 percent, and the accuracy increases as the number of layers is increased. We would like to point out that the accuracy corresponding to the case with 100 layers of equal thickness can as well be achieved by considering about 60 layers of unequal, but suitably chosen, thickness. For example, in the case of an exponential profile one would require to consider layers of small thickness in the region 0 < x £ d compared to those beyond x -d since the refractive index varies rapidly for small values of X.
We have also calculated the normalized propagation constant of the TM o mode for the same profile; the value obtained forb is 0.3007, which should represent the exact value. Further, the calculations for the TM mode does not require any additional efforts or computational time since the only difference lies in the expressions for ri and t i (cf., (7) and (8)). The present method should be very useful when the refractive index profile cannot be represented by any specific function, and in particular, to obtain the TM modes, wherein other numerical methods become extremely difficult. Typical values of the execution time to determine the normalized propagation constant of any mode with accuracies better than 0.1 percent is about 25 s on an ICL 2960 (third generation) computer, which is quite small, and is less than that required, for example, using the method reported in [3] .
We would like to mention here that for circularly symmetric refractive index distribution, the propagation characteristics (in the ' 'weakly guiding approximation") are determined by an equation of the form 0.1pm (15) where
with R(r) the radial variation of the modal field. Thus, the method outlined above for graded structures should be readily applicable to any circularly symmetric profile.
C. Planar Directional Coupler
Directional couplers form one of the most important components in integrated optical waveguide devices, and recently planar waveguide directional couplers have been used for fabrication of integrated optical wavelength filters in InGaAsP-InP [17] .
In this section we shall show that the matrix method can be easily employed to make an accurate analysis of a directional coupler. Refering to Fig. 4 , we assume n 2 = n 4 = n 6 = 1.4 = n 5 = 1.5 and Such a refractive index distribution would correspond to a symmetric planar waveguide directional coupler, which would support one symmetric and one antisymmetric mode. In Fig. 5 we have shown the positions of the peaks (that occur in a plot of I E: /E: l 2 as a function of P = k l sin O 1 ) corresponding to the symmetric and antisymmetric modes of the coupled structure, for d 4 = 0.2 km and 0.7 km. The value of n,, as mentioned earlier, can be arbitrary as long as n 1 2 n,; we have assumed n 1 = 1.5 and X. = 1 pm. As can be seen from the figure, if we increase the separation d 4 between the two waveguiding films, the peaks would approach one another and eventually merge.
Once the propagation constants of the symmetric and antisymmetic modes are known, the beat length can be easily obtained. The extension to a directional coupler formed by two nonidentical (even inhomogeneous) waveguides is very straightforward.
As an example, we have calculated the propagation constants of the fundamental even and odd "supermodes" [17] of a two guide system formed by growing epitaxial InGaAsP and InP layers on anInP substrate. The numerical values for 0, and |8 0 [17] obtained using the present method was exactly the same as that obtained by solving the eigenvalue equation (see [17, eq. (4)]). The eigenvalue equation becomes complicated when the guide system involves more than two guides and arbitrary values for the refractive index in each layer, and the present method should be very useful in the analysis of such systems.
D. Absorbing Structures
In order to show the applicability of this technique to absorbing structures, we consider an air-polymer-metal (APM) guide [18] . Assuming the metal to be gold, for example, we have a configuration similar to that shown in Fig.1 with rii -1 n 3 = 1.5884 »« = 0.1620 -i 3.2103.
Such a waveguide was analyzed by Kaminow et al. [18] by solving a complex transcendental equation; in general, it is difficult to obtain all the complex solutions accurately. If we introduce the first medium, having a refractive index higher than that of the polymer, and obtain the limiting widths (as d 2 -+ 00) of the various peaks (cf., Fig. 3) , we readily obtain the complex propagation constants of the modes which are given by fl = k0( 1.587814 -i0.1794 x lo p6 ), for TE o = k,(1.586068 -i 0.7247 x lop 6 ), for TE, which satisfies the transcendental equation (e.g., [19, (2. lol)]) to an accuracy better than one part in a million. We have also made calculations for a similar guide reported by Tien et al. [20] , and the propagation constant for the two lowest order modes are found to be 0 = ko(1.574863 -i 0.2975 X lop 5 ), for TE o = k0(1.572488 -i 0.3316 X 1CT*), for TM o .
It may be mentioned that the computational time required to obtain the propagation constant of metal-clad waveguides would be slightly larger than lossless dielectric (even inhomogeneous) waveguides, since the computer has to handle all parameters in the "complex mode."
CONCLUSIONS
We have presented a very simple and straightforward method for obtaining the propagation characteristics and the losses for various modes of an arbitrarily graded planar waveguide structure which may have media of complex refractive indices. The present method does not require the solution of any transcendental or differential equations; further, it does not involve any approximations so that one can obtain.exact numeiical results forTE and TM modes. We have demonstrated the applicability of the method for obtaining leakage losses and absorption losses as well as for calculating the beat length in planar waveguide directional couplers. The method can be used in the analysis of any practical planar waveguiding structure for esoteric applications. 
represent the resonant modes (or the quasimades) of the structure and these p values correspond to the guided modes of the structure shown in Fig. 6(b) , for which the modal fields are given by
The normalization condition gives us 112 (A10) (All) *2 The subscript r corresponds to the resonant modes, and a, and Y, satisfy the eigenvalue equation (A8). In [131 we have studied the propagation of a beam (Al) through the structure shown in Fig. 6(a) whose field distribution at t = 0 was assumed to be a guided mode of the structure shown in Fig. 6(b) , i.e., where S I , S, , * -are defined through (6) . At any instant, the procedure would require the computer to store only three 2X2 matrices. 4) Determine the ratio of the field amplitude in the guiding layer (or any layer) to the incident field amplitude E T using the condition that the reflected field in the last medium (substrate) is zero, i.e., = 0 which gives (B21 where S, I and S 2 , are elements of the product matrix S. The last two equations lead to the relation between E: and E, which, in turn, enables one to calculate the ratio of the fields using (5). 5) Repeat steps 2), 3), and 4) for all angles (0, 5 B 5 90") to determine 7(P) where P = k on l sin e l . Initially, one can scan the entire region 8, 5 6 I 90" at intervals of 1O or 2". If the waveguide supports only one or very few modes, the small range of angles where the peak of 7 (0) appears can be isolated to determine with higher resolution the exact angle at which the peak appears. 6) As mentioned in Section 111-A, one has to find out the limiting value of the angle at which the peak appears as the distance d 2 (see Fig. 1 ) between the actual waveguiding structure and the newly introduced medium of higher refractive index, increases. This limiting value of 6 corresponds to the exact mode angle, and gives p. 7) For lossyileaky structures, 7(/3) has a Lorentzian shape around the peak. Thus we fitf(P> = 1 /Q(P) to a quadratic function, which readily gives the propagation constant and the attenuation coefficient.
The total program consisted of about 125 lines, and typical values of the CPU time required to determine the propagation constant of a mode of a homogeneous slab, an inhomogeneous planar waveguide and a metal-clad (lossy) waveguide were of the order of 15, 30, and 50 s, respectively, on an ICL 2960 (third generation) computer.
